We discuss existence and abundance of Galois-generic points for adelic representations attached to Shimura varieties. First, we show that, for Shimura varieties of abelian type, -Galois-generic points are Galois-generic; in particular adelic representations attached to such Shimura varieties admit ('lots of') closed Galois-generic points. Next, we investigate further the distribution of Galoisgeneric points and show the André-Pink conjecture for them, namely: if S is a connected Shimura variety associated to a Q-simple reductive group then every infinite subset of the generalized Hecke orbit of a Galois-generic point is Zariski-dense in S. Our proof follows the approach of Pink for Siegel Shimura varieties. Our main contribution consists in showing that there are only finitely many Hecke operators of bounded degree on (adelic and connected) Shimura varieties. Compared with other approaches of this result, our proof, which relies on Bruhat-Tits theory, is effective and works for arbitrary Shimura varieties.
Introduction
Given a smooth, separated and geometrically connected scheme S over a field k and a point s ∈ S, let σ s : π 1 (s) → π 1 (S) denote the morphism induced by functoriality ofétale fundamental group
1
. Given an algebraic group G over Q and an adelic representation ρ : π 1 (S) → G(A f ), let ρ : π 1 (S) → G(A f ) → G(Q ) denote its -adic component. We say that s ∈ S is Galois-generic (resp. -Galois-generic) with respect to ρ : π 1 (S) F is Galois-generic (resp. -Galois-generic) if it is Galois-generic (resp. -Galois-generic) with respect to
. We say that a point s ∈ Sh(G, X) F is Galois-generic (resp. -Galois-generic) if there exists a neat compact open subgroup K 0 ⊂ G(A f ) such that (equivalently, for every neat compact open subgroup K 0 ⊂ G(A f )) the image s[K 0 ] of s in Sh K 0 (G, X) F is Galois-generic (resp. -Galois-generic).
In the context of Shimura varieties, the terminology 'Galois-generic' was introduced by Pink [P05, Def. 6.3] . The definition of Pink does not resort to the formalism ofétale fundamental groups and is seemingly stronger than ours. Namely, if E ab denotes the maximal abelian extension of E, a point s[K 0 ] ∈ S[K 0 ] is Galois-generic in the sense of Pink if and only if the induced point s[K 0 ] E ab ∈ S[K 0 ] E ab is Galois-generic in our sense. However, using that ρ(π 1 (S[ 1.1. Existence. Given a scheme S smooth, separated and geometrically connected over a field k and an adelic representation ρ : π 1 (S) → G(A f ), the first question which arises is whether there exists Galoisgeneric points (other than the generic point) with respect to ρ. While -adic specialization techniques give rise to 'lots of' closed -Galois-generic points (3.3.1), they fail to ensure the existence of a single closed point which is -Galois-generic for every prime (hence a fortiori which is Galois-generic).
Sh Γ 0 (G, X + ), every infinite subset of T Γ 0 (s[K 0 ]) is Zariski-dense in Sh Γ 0 (G, X + ).
For Shimura varieties of abelian type a consequence of Theorem A, Theorem B and [CT13] is that if C → S is an irreducible Galois-generic curve defined over a number field, then C is cut by infinitely many Hecke orbits of closed Galois-generic points and each of these Hecke orbits cuts C in only finitely many points.
Theorem B extends a previous result of Pink ( [P05, Thm. 7 .6]) for the Siegel Shimura varieties; our proof follows the one of Pink but with some technical adjustments required to deal with non simply connected groups G. More precisely, the main ingredient in Pink's argument is an equidistribution result of Clozel, Oh and Ullmo ( [ClOU01, Thm. 1.6, Rem (3)]) for GSp 2g . To deal with arbitrary Shimura varieties, one needs a generalization of [ClOU01, Thm. 1.6] for adjoint groups G and arithmetic (not only congruence) subgroups Γ ⊂ G(Q). Such a generalization was proved by Eskin and Oh ( [EO06, Thm 1.2]) following an idea of Burger and Sarnak ( [BuS91] ) (see 7.2). To apply Eskin and Oh's result to our situation, we have to ensure that, for an arithmetic subgroup Γ ⊂ G(Q), there are only finitely many Hecke operators T a , a ∈ G(Q) with |Γ \ ΓaΓ| bounded (7.2.2). We provide a detailed proof of this result in Section 8, proceeding in two steps: First, we prove the adelic variant of 7.2.2 (8.2.1); here the 'natural' tools are avatars of the Bruhat-Tits decomposition, which give explicit estimates for the local degrees (see 8.2 for details). Then, we deduce 7.2.2 from this adelic variant by reducing to the simply connected case, where we can apply strong approximation.
After a first version of this paper was released, we were informed by Hee Oh that 7.2.2 could also be proved by equidistribution arguments as the ones used in [EO06] ; but this proof does not seem to be effective nor works for adelic Hecke operators (see 9.1 for details).
If we restrict to connected Shimura varieties of abelian type, Theorem B can easily be recovered from Orr's thesis ( [Or13, Thm. 1.5 (ii)]) arguing as follows. Let s[K 0 ] ∈ Sh Γ 0 (G, X + ) be a Galois-generic point, let A be an infinite subset of T Γ 0 (s[K 0 ]), and let Z be some irreducible component of the Zariski-closure of A containing s[K 0 ]. Since s[K 0 ] is Galois-generic, it is Hodge-generic (6.2.1). Hence the smallest special subvariety of Sh Γ 0 (G, X + ) containing s[K 0 ] is equal to the smallest special subvariety of Sh Γ 0 (G, X + ) containing Z (because in both cases, this subvariety has to be Sh Γ 0 (G, X + ) itself). By construction A ∩ Z is Zariski-dense in Z hence, from [Or13, Thm. 1.5 (ii)], Z is weakly special. But as Z contains the Hodge-generic point s[K 0 ], this forces Z = Sh Γ 0 (G, X + ). Orr's approach to Theorem B relies on different techniques than ours (Masser-Wüstholz isogeny bound for abelian varieties and o-minimality); it is more general since it works for Hodge-generic points but, due to the use of the Masser-Wüstholz isogeny bound, it only applies to Shimura varieties of abelian type. For connected Shimura varieties of abelian type, one can also give a proof of 7.2.2 based on the Masser-Wüstholz isogeny bound and the existence of closed Galois-generic points (see 9.2 for details). * * * In Section 3, we review the notion of Galois-generic points attached to adelic representations of theétale fundamental group and some of their basic properties. We also recall there the main existence/abundance results for -Galois-generic points and discuss in more details the relation between -Galois generic points and Galois-generic points for motivic representations. In Section 4, we construct the adelic representations attached to Shimura varieties and review some of their basic properties. Section 5 is technical and gathers the group-theoretical results about the adelic closure of arithmetic subgroups of semisimple groups we need to prove Theorem A. In Section 6, we focus on Galois-generic points attached to Sihmura varieties, show that our definition coïncides with the one of Pink, that Galois-generic-points are Hodge generic and complete the proof of Theorem A. Section 7 is devoted to the proof of Theorem B. The proof of 7.2.2 is postponed to Section 8 as it can be read independently of the rest of the paper and involve technics of different nature. In the final Section 9, we discuss alternative approaches to 7.2.2: a non effective approach based on equidistribution (9.1) and an effective approach (limited to connected Shimura varieties of abelian type) based on the Masser-Wüstholz isogeny theorem (9.2).
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Notation and conventions
• The fields in this paper, when of characteristic 0, will always be assumed to be embedded into the field C of complex numbers. For such fields, compositum, Galois, abelian, algebraic closures etc. will always mean with respect to the given embedding into C.
• Given schemes S and T over a field k, unless there is a risk of confusion, we write S T := S × k T (that is we omit the notation for the base field k). When T = spec(F ) for a field extension k ⊂ F , we write S F := S spec(F ) . However, when S =: s = spec(E) for a field extension k ⊂ E and k ⊂ F is another field extension with E, F embedded into C, we write s F := spec(EF ) that is, we implicitly pick the connected component of s × spec(k) spec(F ) corresponding to the given embeddings of E, F in C.
• Given a scheme S of finite type over a field k and a point s ∈ S, we write k(s) for the residue field (a finitely generated extension of k) of S at s. We identify points s ∈ S and the corresponding morphisms of k-schemes s : spec(k(s)) → S. For a point s ∈ S, a geometric point above s is a morphism s : spec(Ω) → S factorizing through s : spec(k(s)) → S and such that Ω is an algebraically closed field. In general, we do not specify the algebraically closed field Ω in the notation for geometric points (see below) and, otherwise specified, for a point s ∈ S, s will always denote a geometric point over s. For every s ∈ S and geometric point s over s, let F s denote the associated fiber functor frométale covers of S to sets. Recall that, by definition, theétale fundamental group of S based at s is the automorphism group π 1 (S, s) of F s and that, if S is connected, for every s, s ∈ S there always exists isomorphisms of fiber functors α : F s→ F s and the set of such isomorphisms is a π 1 (S, s)-torsor. In particular, for everyétale cover X → S, α yields a bijection α : F s (X)→F s (X) which is equivariant with respect to the isomorphism ofétale fundamental groups
Thus, unless it helps understand the situation, we will omit the base-point s in our notation forétale fundamental groups. Given a field k, we often shorten π 1 (spec(k)) in π 1 (k), which identifies with the absolute Galois group of k. For a point s ∈ S, we also write π 1 (s) = π 1 (k(s)).
• Given an algebraic group G, we let
If G is semisimple, we write p sc : G sc → G for its simply connected cover and set µ G := ker(p sc ). Let A f denote the ring of finite adeles of Q. Given a subgroup Γ ⊂ G(A f ) ⊂ G(Q ), we write Γ ⊂ G(Q ) for the projection of Γ into G(Q ).
Galois-generic and strictly Galois-generic points
Let k be a field of characteristic 0 and let S be a smooth, separated and geometrically connected scheme over k with generic point η.
3.1. Galois-generic points. Let Γ be a topological group and ρ : π 1 (S) → Γ a continuous group morphism. Write Π ρ := im(ρ), Π ρ := ρ(π 1 (S k )). Every point s ∈ S induces by functoriality ofétale fundamental group a morphism of profinite groups σ s : π 1 (s) → π 1 (S) which is a section of the canonical projection
3.1.1. Definition We say that s ∈ S is Galois-generic (resp. strictly Galois-generic) with respect to ρ if
We will use this terminology when Γ = G(A f ) for some algebraic group G over Q. For every prime , write ρ :
for the -adic component of ρ :
is clear from the context, we will omit the subscript (−) ρ in the notation Π ρ , Π ρ , Π ρ,s etc. and simply say that s ∈ S is Galois-generic (resp. -Galois-generic) if s ∈ S is Galois-generic with respect to ρ (resp. to ρ ). Similarly, we will say that s ∈ S is strictly Galois-generic (resp. strictly -Galois-generic) if s ∈ S is strictly Galois-generic with respect to ρ (resp. to ρ ).
3.2.
Elementary properties of Galois-generic and strictly Galois-generic points.
3.2.1. As S is normal, η ∈ S is strictly Galois-generic.
3.2.2. Let k ⊂k be a finitely generated field extension. Then s ∈ S is Galois-generic with respect to ρ if and only if sk ∈ Sk is Galois-generic with respect to ρ| π 1 (Sk) . This follows from the fact that the images of the canonical morphisms π 1 (sk) → π 1 (s) and π 1 (Sk) → π 1 (S) are open.
3.2.3. As S is geometrically connected over k, we have a short exact sequence
and as the image of π 1 (s)
, we see that s ∈ S is Galois-generic with respect to ρ if and only if Π s is open in Π. Another way to formulate this observation is the following. Let k ⊂k ⊂ k denote the (in general infinite) Galois subextension corresponding to the image of ρ −1 (Π) ⊂ π 1 (S) by π 1 (S) π 1 (k). Then s ∈ S is Galois-generic with respect to ρ if and only if sk ∈ Sk is Galois-generic with respect to ρ| π 1 (Sk) . Under additional assumptions, one can enlargek. For instance,
Lemma
Assume that every open subgroup of Π has finite abelianization. With the above notation, letk ⊂k ab ⊂ k denote the maximal abelian extension ofk in k. Then s ∈ S is Galois-generic with respect to ρ if and only if sk ab ∈ Sk ab is Galois-generic with respect to ρ| π 1 (Sk ab ) .
Proof. The non trivial implication is the 'only if' one. So assume that s ∈ S is Galois-generic with respect to ρ. Then Π sk ⊂ Π is open. In particular, it has finite abelianization. Thus its quotient Π sk Π sk /Π sk ab , which is abelian being a quotient of Gal(k ab |k), is finite.
3.2.5. If S → S is a dominant morphism of finite type with S connected (for instance a connectedétale cover) and s ∈ S a point above s ∈ S then s ∈ S is Galois-generic with respect to ρ if and only if s ∈ S is Galois-generic with respect to ρ| π 1 (S ) .
3.2.6. Given a Galois-generic point s ∈ S, one can always find a connectedétale cover S → S and s ∈ S above s such that s ∈ S is strictly Galois-generic with respect to ρ| π 1 (S ) . Indeed, let s ∈ S be a Galois-generic point and let U ⊂ Π be any open subgroup contained in Π s . Let S U → S denote the connectedétale cover corresponding to the open subgroup ρ −1 (U ) ⊂ π 1 (S) and let k(s) → k(s) U denote the finite field extension corresponding to the open subgroup (ρ • σ s ) −1 (U ) ⊂ π 1 (s). Then s ∈ S lifts to a k(s) U -rational point s U ∈ S U which is strictly Galois-generic with respect to ρ| π 1 (S U ) .
By definition, if s ∈ S is strictly Galois-generic, then for every open subgroup U ⊂ Π and corresponding connectedétale cover S U → S, π 1 (s) acts transitively on the geometric fiber of S U → S over s.
3.3. The -GG ⇔ GG problem. We now assume that Γ = G(A f ). Let S gg ⊂ S (resp. S gg ⊂ S) denote the sets of (resp. -)Galois-generic points. Write
Clearly, 
When an adelic representation satisfies the ( -GG ⇔ GG)-property, the abundance results of Subsection 3.3.1 automatically hold for Galois-generic points.
Conjecturally, motivic representations, that is those of the form ρ w X : π 1 (S) → GL(H w (X η , Q )) for some smooth projective scheme f : X → S, should satisfy the ( -GG ⇔ GG)-property. More precisely, the equality S For abelian schemes, partial forms of the modulo-variants of the Tate conjectures were proved by Faltings (see e.g. [FW84] ). These are enough to show that adelic motivic representations attached to abelian schemes satisfy the ( -GG ⇔ GG)-property. More precisely, given an abelian scheme f :
denotes the -adic Tate module (here X[N ] denotes the kernel of multiplication-by-N on X; as k has characteristic 0, this is anétale cover of S). Thus, the ( -GG ⇔ GG)-property for ρ w X : π 1 (S) → GL(H w (X η , Q )) boils down to the following statement.
Adelic representations attached to Shimura varieties
Let (G, X) be a Shimura datum. Throughout the paper we always assume that G is the generic Mumford 
this morphism is Galois with group K 0 /K. Fix a point s ∈ Sh(G, X) and for every open subgroup
The tower of (connected) pointed Galois covers
corresponds to a projective system of continuous group morphisms
As the intersection of all open normal subgroups K ⊂ K 0 is trivial, passing to the limit we obtain a continuous group morphism
As the Hecke-operator −a : Sh(G, X)→Sh(G, X) is defined over the reflex field, the following diagram commutes
where the middle upper horizontal arrow is induced by the isomorphism −a :
Γ 0 /Γ, where the projective limit is taken over all normal congruence subgroups of Γ 0 .
Actually, as E[K] is contained in the maximal abelian extension E ab of the reflex field E, the above shows
, which is completely determined by the tower of connectedétale cover over
where Γ describes all normal congruence subgroups of Γ 0 .
4.3.
Change of base point Let s, s ∈ Sh(G, X) be two points lying in the same geometrically connected component; write
, which makes the following diagram commute
4.4. Galois-generic points. For s ∈ Sh(G, X) the following assertions are equivalent (3.2.2, 3.2.5):
, In which case we will say that s ∈ Sh(G, X) is Galois-generic (resp. -Galois-generic). In view of 4.2, we also see that for every a ∈ G(A f ), s ∈ Sh(G, X) is Galois-generic if and only if sa ∈ Sh(G, X) is Galois-generic. So, in the following, we shall always assume that s C = G(Q)(x, 1) and write X + ⊂ X for the connected component of x. In particular, with the notation of 4.2,
Also, in view of 4.3, we shall omit the reference to s in the notation (e.g. write
) unless it plays a part in the discussion. 
Group-theoretical preliminaries
In this section, we gather technical group-theoretical results about the adelic closure of arithmetic subgroups of semisimple algebraic groups. These will be used in the proof of Theorem A to deduce the case of Shimura data of abelian type from the case of Shimura data of Hodge type.
Let G be a group. Recall that two subgroups K, K ⊂ G are said to be commensurable if K ∩ K is of finite index in both K and K . Commensurability is an equivalence relation, which we denote by ≡, on the set of subgroups of G.
Thus the class of commensurability of G L does not depend on the choices of G → GL(V ) and L ⊂ V ; the groups in this class are the arithmetic subgroups of G. Arithmetic subgroups have the following properties.
For a surjective morphism f : G 2 → G 1 of algebraic groups over Q and an arithmetic subgroup Γ ⊂ G 2 (Q), the subgroup f (Γ) ⊂ G 1 (Q) is again arithmetic. Let G be a semisimple algebraic group over Q and Γ ⊂ G(Q) an arithmetic subgroup. Then, (3) Γ is finitely presented as an abstract group. (4) If, furthermore, G is of non-compact type then Γ is Zariski-dense in G.
An algebraic group G over Q is said to be of compact type if G(R) is compact [PlR94, Def. p. 205]. A semisimple algebraic group over Q is said to be of non-compact type if none of its simple factors is of compact type.
Proof. For Assertion (1), (2) For an algebraic group G over Q and a subgroup
is an arithmetic subgroup then Γ − is profinite and the collection of subgroups Γ − , for Γ ⊂ Γ a normal subgroup of finite index, is a fundamental system of open neighborhoods of 1 in Γ − .
For an algebraic subgroup G ⊂ GL n,Q and a ring A of characteristic 0, write For a closed subgroup U ⊂ GL n (Z ), let U + ⊂ U denote the (normal) subgroup generated by the -Sylow subgroups of U .
5.3.
Lemma Let G ⊂ GL n,Q be an algebraic subgroup and
Proof. This follows from a combination of results about almost-independency in the sense of Serre [S13] . More precisely, given an infinite set of primes L, a family G , ∈ L of -adic Lie groups and a profinite group ∆ ⊂ G , one says that ∆ is -independent (as a subgroup of G ) if ∆ = ∆ and that ∆ is almost -independent if there exists an open subgroup ∆ ⊂ ∆ which is -independent as a subgroup of G . With these definitions, the following holds. (1) ( [S13, Lemma 1]) If for = no simple quotient of ∆ is isomorphic to a simple quotient of ∆ then ∆ ⊂ G is -independent.
(2) ( [S13, Lemma 3] ) If there exists a finite subset F ⊂ L such that the image of ∆ in L\F G is almost -independent then ∆ ⊂ G is almost -independent. For every prime , let Σ denote the set of all (isomorphism classes of) finite groups which are either a simple group of Lie type in characteristic (see [S13, §6.1]) or Z/ . (3) ( [S13, Thm. 4]) Every finite simple subquotient of GL n (Z ) of order divisible by is in Σ for 0 (depending on n). (4) ( [S13, Thm. 5]) For , ≥ 5, = one has Σ ∩ Σ = ∅. From (2), it is enough to show that the image U L of U in ∈L G(Q ) is almost -independent for a set L containing all but finitely many primes. In particular, on may assume that U ⊂ G(Z ), that U = U + for every ∈ L and that the conclusion of (3) (resp. (4)) holds for ∈ L (resp. = ∈ L). As, for ∈ L, every simple quotient of U # (= U ) is in Σ , (4) and (1) shows that U L is -independent as requested.
Proof. We fix once for all an embedding G → GL n,Q . We let again G denote the Zariski closure of G in GL n,Z ; this is a semisimple group over some non-empty open subscheme of Spec(Z).
-Reduction to the case where U is of the form Γ − for some normal arithmetic subgroup Γ ⊂ G(Z). From 5.2, there exists a subgroup Γ ⊂ Γ normal, of finite index in Γ and such that Γ − ⊂ U . From the finiteness of U/Γ − and the exact sequence
it is enough to perform the proof for Γ − that is we may assume U is of the form Γ − for some arithmetic subgroup Γ ⊂ G(Q). Next, as Γ is finitely generated as an abstract group (5.1 (3)), it has only finitely many subgroup of bounded index ≤ [Γ :
In particular, the group
is again an arithmetic subgroup, contained and normal both in Γ and G(Z). So the conclusion follows from the finiteness of Γ/∆ and the exact sequence
-Reduction to the case where G is of non-compact type. Let G nc ⊂ G denote the largest (normal) algebraic subgroup of G of non-compact type and let p : G G/G nc denote the canonical projection.
is again an arithmetic subgroup (5.1 (3)) and G/G nc is of compact type, p(Γ) is finite; in particular, Γ − /Γ nc− is finite. Also, by construction, Γ nc is contained and normal in G nc (Z) and [G nc (Z) :
: Γ], which shows that Γ nc ⊂ G nc (Q) is again an arithmetic subgroup. Thus the conclusion follows from the finiteness of Γ − /Γ nc− and the exact sequence
-Reduction to the case where Γ − = G(Z ) + for 0. For a prime , let p : GL n (Z) GL n (F ) denote the reduction modulo-morphism. Then, as Γ is finitely generated as an abstract group (5.1 (3)) and Zariski-dense in G (5.1 (4)), we have
for 0 depending only on n ( [N87, Thm. 5.1]). Here G(F ) + ⊂ G(F ) denotes the (normal) subgroup generated by the order-elements in G(F ) (or, equivalently, the -Sylow subgroups as soon as > n). As G is semisimple, G(F )/G(F ) + is abelian of order ≤ 2 n−1 . In particular, there exists an integer N ≥ 1 such that for every prime the subgroup
is normal and of index ≤ N in Γ. As Γ is finitely generated, it has only finitely many subgroups of index ≤ N . So
As G(F ) + is generated by its order-elements, this forces p (∆) = G(F ) + . Then the finiteness of Γ − /∆ − and the exact sequence
show that it is enough to prove that ∆ −ab is finite. That is, without loss of generality, we may replace Γ with ∆ hence assume that p (Γ) = G(F ) + for 0. As p
Assume also that 0 so that G Z is semisimple over Z . Then the reduction-modulo-morphism p − : G(Z ) G(F ) is surjective and, up to increasing , we may assume that the induced surjective morphism for small , we may assume that U is normal in Γ − (hence a fortiori in Γ − ). Then, the exact sequence
shows that it is enough to prove that U ab = U ab is finite that is, equivalently, (1) U ab is finite for every ; (2) U ab = 0 for 0 (or, equivalently, (G(Z ) + ) ab = 0 for 0).
Proof of (1): If (1) were false, U would have an infinite abelian quotient U Z . As U is a -adic Lie group, so is Z and Z has dimension ≥ 1 as an -adic Lie group. From exactness of the Lie-algebra functor on the category of -adic Lie groups, we obtain a surjective morphism of Lie algebras Lie(U ) Lie(Z ).
But, on the other hand, since G is semisimple, we also have Lie(U ) = Lie(Γ − ) = Lie(G) ⊗ Q , which has no abelian quotient as a Lie algebra.
Proof of (2): As
This fact is probably well-known to specialists. However, for lack of a suitable reference, we sketch the argument. Without loss of generality, we may assume G is semisimple over Z.
(1) Then, for 0, G F coincides with the algebraic envelope (in the sense of Nori -
, for every g ∈ G(F ) of order , the polynomial P i,g (T ) := P i (exp(T log(g))) ∈ F [T ] has degree bounded from above by a constant δ i independent of . As P i,g (T ) has at least distinct roots, this forces P i,g (T ) = 0 as soon as > δ i . In other words, G F contains the one-parameter subgroup
So
is exponentially generated) and [G(F ) : This concludes the proof of Theorem 5.4. 
Lemma
Let f : G 2 → G 1 be an isogeny of connected semisimple algebraic groups over Q. Let Γ1 ⊂ G 1 (Q), Γ 2 ⊂ G 2 (Q) be arithmetic subgroups such that f (Γ 2 ) ⊂ Γ 1 . Then for every closed subgroup ∆ ⊂ Γ − 2 , f (∆) ⊂ Γ1 : f (∆)] ≤ [Γ − 1 : f (Γ − 2 )][Γ − 2 : ∆]. Conversely, if f (∆) ⊂ Γ − 1 has finite index then ∆ ⊂ Γ − 2 also has finite index: [Γ − 2 : ∆] ≤ | ker(f )|[f (Γ − 2 ) : f (∆)] ≤ | ker(f )|[Γ − 1 : f (∆)].
Galois-generic points for adelic representations attached to Shimura varieties
Let (G, X) be a Shimura datum.
6.1.
Comparison with Pink's definition. Let E := E(G, X) denote the reflex field. A point s ∈ Sh(G, X) is Galois-generic in the sense of Pink ( [P05, Def. 6.3]) if and only if s E ab ∈ Sh(G, X) E ab is Galois-generic in the sense of 4.4. With the notation of 3.2.4, one hasẼ ⊂ E ab but, in general the extensioñ E ⊂ E ab is not finite (when the reciprocity map describing the action of π 1 (E ab ) on π 0 (Sh(G, X)) has infinite kernel). Still, the two notions of Galois-genericity coincide. More precisely, for s ∈ Sh(G, X) let s ad ∈ Sh(G ad , X ad ) denote its image by the canonical morphism
6.1.1. Proposition For every s ∈ Sh(G, X) the following properties are equivalent (1) s ∈ Sh(G, X) is Galois-generic (resp. -Galois-generic); (2) s E ab ∈ Sh(G, X) E ab is Galois-generic (resp. -Galois-generic); (3) s ad ∈ Sh(G ad , X ad ) is Galois-generic (resp. -Galois-generic); (4) s ad E ab ∈ Sh(G ad , X ad ) E ab is Galois-generic (resp. -Galois-generic).
Proof. 
The conclusion then follows from the fact that the left vertical arrow has open image and from 5.5 applied to the isogeny G der → G ad and to ∆ = Π s[K] E ab ⊂ Γ − . The proof for -Galois-generic points is similar.
6.2. Galois-generic versus Hodge-generic points. We say that x ∈ X is Hodge-generic if M T (x) = G. Let X hg ⊂ X denote the subset of Hodge-generic points. The set X hg is analytically dense in X and
6.2.1. Proposition -Galois-generic points are Hodge-generic.
Proof. (See also [P05, Prop. 6.7]). Let s ∈ Sh(G, X) be a -Galois-generic point and (x, g) ∈ X × G(A f ) lifting s C ∈ Sh(G, X)(C). We may assume (4.4) g = 1. Let X x denote the M T (x)(R)-conjugacy class of x :
, X x ) be the point corresponding to the image of x and let E[K x ] denote the field of definition of the geometrically connected component
The following diagram commutes (4.1)
As s ∈ Sh(G, X) is -Galois-generic and the image of
), the commutativity of the above diagram implies that
Since G is the generic Mumford-Tate group of (G, X), this forces M T (x) = G.
Pink conjectures that Hodge-generic points are Galois-generic ( [P05, Conj. 6.8]). Thus, Theorem
A reduces Pink's conjecture to proving that every Hodge-generic point is -Galois generic which, in the case of abelian schemes, is precisely the statement of the standard ( -adic) Mumford-Tate Conjecture.
Proof of Theorem A.
6.3.1. Shimura data of Hodge type Recall that a Shimura datum (G 2 , X 2 ) (as well as the associated Shimura variety) is said to be of Hodge type if there exists an embedding of Shimura data f : (G 2 , X 2 ) → (G 1 , X 1 ) with (G 1 , X 1 ) a Siegel Shimura datum. Let K i ⊂ G i (A f ), i = 1, 2 be neat compact open subgroups such that f (K 2 ) ⊂ K 1 . Let s 2 ∈ Sh(G 2 , X 2 ) and write s 1 := f (s 2 ) ∈ Sh(G 1 , X 1 ). For simplicity, write S i := S[K i , s i ] for the geometrically connected component of s i [K i ] and let E i denote its field of definition, i = 1, 2. Let A → S 1 denote the universal abelian scheme over S 1 . Then the adelic representation
→ K 1 coincides with the adelic representation attached to the abelian scheme A| S 2 := A × S 1E 2 S 2 → S 2 . But,
have the same Galois-generic and -Galois-generic points. So, consider the following assertions: We can now conclude the proof of Theorem A. Start from a -Galois-generic point s 1 ∈ Sh(G 1 , X 1 ). We may assume (4.4) that the image s
) is -Galois-generic ((1) ⇒ (4) in 6.1.1) and s 2 ∈ Sh(G 2 , X 2 ) is -Galois-generic ((4) ⇒ (1) in 6.1.1). As (G 2 , X 2 ) is of Hodge-type, s 2 ∈ Sh(G 2 , X 2 ) is Galois-generic (6.3.1). Thus s
is Galois-generic ((1) ⇒ (4) in 6.1.1) and s 1 ∈ Sh(G 1 , X 1 ) is Galois-generic ((4) ⇒ (1) in 6.1.1).
Proof of Theorem B
7.1. Generalized Hecke operators. Let (G, X) be a Shimura datum. Let X + ⊂ X be a connected component and let K ⊂ G(A f ) be a neat compact open subgroup; write Γ := G(Q) + ∩ K. For every a ∈ G(A f ), let T a denote the Hecke operator ·a −1 : Sh(G, X) C→ Sh(G, X) C and T a,K the corresponding algebraic correspondence
It is part of the definition of a canonical model that T a,K is defined over the reflex field E := E(G, X). For a ∈ G(Q) + K, T a,K restricts to an algebraic correspondence T a,Γ (of degree 1 if a ∈ K) on Sh Γ (G, X + ) C , defined over E K a −1 (see 4.2 for the notation)
Here, we write Sh(G, X + ) C := lim 
More generally, for a subset A ⊂ G(Q) + , we set
for its A-Hecke orbit. For A = G(Q) + we simply write T A,Γ (s) =: T Γ (s) for the full Hecke orbit of s.
Let Aut(G, X + ) denote the group automorphisms of G defined over Q and stabilizing X + . For every φ ∈ Aut(G, X + ), the corresponding generalized Hecke operator T φ is the algebraic correspondence
For s = Γx ∈ Sh Γ (G, X + )(C) we set
More generally, for a subset Φ ⊂ Aut(G, X + ), we set
for its Φ-Hecke orbit. The usual full Hecke orbit T Γ (s) coincides with the Φ-Hecke orbit T Φ,Γ (s) for Φ the image of G(Q) + → Aut(G, X + ) given by inner automorphisms. For Φ = Aut(G, X + ) we simply write T Φ,Γ (s) =: T Γ (s) for the full generalized Hecke orbit of s.
If Γ is obvious from the context, we will omit it from the notation. The above definitions of Hecke orbits extend as they are to arithmetic subgroups Γ ⊂ G(Q) + .
For the comparison between usual Hecke orbits and generalized Hecke orbits, see [Or13, §4.1.1]; let us only point out the following observation, which will be used in the proof of Theorem B.
Assume G is adjoint. For an arithmetic subgroup Γ ⊂ G(Q) + , write again Sh Γ (G, X + ) C for the complex algebraic variety underlying Γ \ X + ( [BBo66] ). Then, 7.1.1. Lemma For every congruence (resp. arithmetic) subgroup Γ ⊂ G(Q) + there exists a congruence (resp. an arithmetic) subgroup Γ ⊂ Γ such that, for every subset Φ ⊂ Aut(G, X + ) and s ∈ Sh Γ (G, X + ), the inverse image of
is contained in a finite union of usual Hecke orbits on Sh Γ (G, X + ).
Proof. As G is adjoint, the quotient Aut(G, X + )/G(Q) + is finite. Choose a system of representives φ 1 , . . . , φ r for Aut(G, X + )/G(Q) + and set
Note that, by construction, if Γ is a congruence (resp. an arithmetic) subgroup then Γ and Γ are again congruence (resp. arithmetic) subgroups. Fix systems of representatives -γ j , j = 1, . . . s of Γ/Γ ; -α k , k = 1, . . . t of Γ/Γ ; -and α i,l , l = 1, . . . , t i of φ i (Γ )/Γ for i = 1, . . . , r.
For an arbitrary element φ = a − a −1 • φ i ∈ Aut(G, X + ), we can then compute explicitly
This shows that for every subset Φ ⊂ Aut(G, X + ) and s ∈ Sh Γ (G,
is contained in a finite union of usual Hecke orbits on Sh Γ (G, X + ). 7.2. Equidistribution. Let G be a connected Q-simple algebraic group of non-compact type and let 
Thus the morphism of Shimura data
and, this isomorphism maps
, where we write again
for the morphism of groups induced by p ad : G → G ad . Thus, we may assume G is adjoint. Next, for every arithmetic subgroup Γ ⊂ Γ, the quotient map p Γ ,Γ : Sh Γ (G, X + ) → Sh Γ (G, X + ) is a finite cover so it is enough to prove that p −1 Γ ,Γ (T φ,Γ (s Γ )) is finite. In particular (7.1.1), we may assume that φ n = a n ∈ G(Q) + , n ≥ 0. Then, assume that the Zariski-closure Z of T a,Γ (s Γ ) in Sh Γ (G, X + ) is a strict closed subscheme. Then, Z(C) Sh Γ (G, X + )(C) = Γ\X + is a strict closed analytic subset. As the canonical map p Γ : Γ\G(R) + Γ\X + is analytic and surjective, p −1
Then (7.2.1) deg Γ (a n ) is bounded which, in turn, implies (7.2.2) that the set
) is finite as well. . Fix a Galois-generic point s ∈ Sh(G, X) such that s C = G(Q)(x, 1) and let X + ⊂ X denote the connected component of x.
. Recall (6.1.1) that s E ab ∈ Sh(G, X) E ab is again Galois-generic. So, to prove Theorem B, we may and will work over E ab (without mentioning it explicitly in the notation, for simplicity). Then
is completely determined by the tower of connectedétale covers
Let Z → Sh Γ (G, X + ) C be a closed subvariety containing an infinite subset T of T Γ (s).
2 If we remove the assumption that G is of non-compact type, 7.2.2 becomes trivially false. Indeed, if G is Q-simple of compact type then Γ is always finite while G(Q) is always infinite.
-Reduction to the case where
is strictly Galois-generic and Z is defined over the residue
As all the points in T Γ 0 (s) are defined over the algebraic closure of k(s[K 0 ]), up to replacing Z by the irreducible components of the Zariski closure of T in Sh Γ 0 (G, X + ), we may assume Z is defined over a finite field extension
containing an infinite subset of T Γ (s[K]) (just observe that, for every φ ∈ Aut(G, X + ),
where
. As it is enough to show that p
Z, without loss of generality we may assume that s[K 0 ] ∈ Sh Γ 0 (G, X + ) is strictly Galois-generic and that Z is defined over F = k(s[K 0 ]).
-Conclusion: As s[K 0 ] is strictly Galois-generic, for every generalized Hecke operator φ ∈ Aut(G, X + ), the group
is infinite by construction. So, the conclusion follows from 7.2.3.
Degree of Hecke operators
8.1. Formal lemmas. Let G be a group. For every subgroups
For a subgroup K ⊂ G, let K ≡ be the set of all g ∈ G such that K and gKg −1 are commensurable. Then K ≡ G ⊂ G is a subgroup containing K and for every subgroup K ⊂ G such that K ≡ K, we have
, define the degree of g with respect to K as
is also finite and [U :
The proof of (i) is straightforward. As for the proof of (ii), if K ⊂ K is normal then
and similarly, deg K (ak) = deg K (a). Let R ⊂ K be a set of representatives for the left-cosets of K in K. By normality, R is a also a set of representatives for the right-cosets of K in K. Hence,
where the last equality follows from (*). The assertion in 8.1.1 now follows from the combination of (i) and (ii): Proof First, consider the case where G = G and ϕ is the identity. As the situation is symmetric in K, K , it is enough to show the implication (G,
there are only finitely many possibilities for the K-double class KaK ∈ K \ G/K. But, then, there are also only finitely many possibilities for the K -double class K aK ∈ K \ G/K since the induced maps K \G/K → K\G/K, K \G/K → K \G/K are both surjective with finite fibers.
In particular, (G, K) holds if and only if (G, ϕ(K )) holds. So, in the following, we may and will assume that K = ϕ(K ).
Then the assumption that ker(ϕ) is finite ensures that the induced map
(just note that KabK ⊂ KaKbK). Let ∆ denote a (finite) set of representatives of left-cosets of ϕ(G ) in G. Then for every a ∈ G there exists (a unique) δ a ∈ ∆ such that aδ −1 a = ϕ(a ) for some a ∈ G . In particular
As a result, to prove 7.2.2, we may assume that Γ ⊂ G(Q) is a congruence subgroup. So, let K ⊂ G(A f ) a compact open subgroup such that Γ = K ∩ G(Q). By shrinking K, we may assume K is of the form 8.1.4.
where P is a finite set of primes containing the primes where G ramifies, 
where W G denotes the affine Weil group of G, : W G → Z ≥0 the length function on it and C B,K is the constant of Lemma 8.1.1. (Definition of ι(−) ) Let G → G be an isogeny of algebraic groups over Q p . Assume that the degree N of its kernel µ is at most p. Then there exists a constant ι(N ) depending only on N (but not on p) such that |coker(
Lemma
Proof. By the long exact sequence in Galois cohomology, it is enough to show that there exists a constant ι(N ) depending only on N such that |H 1 (Q p , µ(Q p ))| ≤ ι(N ). For this, let E/Q p denote the finite Galois extension corresponding to the kernel of the action of π 1 (Q p ) on µ(Q p ). We have [E : Q p ] ≤ N !. As p is prime-to-N !, the number of extension of degree
Let E N /E denote the finite Galois extension corresponding to the open subgroup E π 1 (E ) ⊂ π 1 (E), where E /E describes all Galois extensions of degree
So, by the inflationrestriction exact sequence, we get an isomorphism
) and we can take
8.2.5. Lemma Let G be a connected semisimple group over Q p and let
8.2.6. Proof of 8.2.1 We may assume K is of the form 8.1.4. Then, for every a ∈ G(A f ) we have deg
shows that a ∈ K p . But, then, the conclusion follows from 8.2.2 applied to the finitely many p which are in P or ≤ max{d, ι(|µ G |)}.
8.2.7.
Remark Assume that K is of the form 8.1.4 and let n d (G(A f ), K) denote the the number of double classes KaK, a ∈ G(A f ) with deg
8.3. Degree of local Hecke operators. This section is devoted to the proof of 8.2.2 and 8.2.5. For an anisotropic group G over Q p the group G(Q p ) is compact [Pr82] . So it is enough to prove 8.2.2 and 8.2.5 for isotropic groups G. Then, we can use (avatars of) the Bruhat-Tits decomposition attached to the euclidean building of G(Q p ), which expresses explicitly the degree of local Hecke operators in terms of the extended affine Weyl group of G(Q p ). For 8.2.2, we may assume that G is simply connected (8.1.3). Under this assumption, the parametrizing group of the Bruhat-Tits decomposition is a Coxeter group (the affine Weyl group) and computations are easy. For 8.2.5, we can no longer resort to 8.1.3 and thus have to handle the Bruhat-Tits decomposition for possibly non-simply connected G. There, the parametrizing group of the Bruhat-Tits decomposition (the extended affine Weyl group) is a semi-direct product of a Coxeter group by a finite group of non-preserving type automorphisms, which make computations slightly more technical. As this is possibly less known to non-experts, we have included an expository paragraph, which we tried and keep as self-contained as possible.
8.3.1. Review of Bruhat-Tits theory. Let G be a connected semisimple isotropic group over Q p with Q p -split maximal torus S. The principle of Bruhat-Tits theory is to attach to G(Q p ) a discrete euclidean building endowed with a strongly transitive action of G(Q p ). The existence of this building is essentially equivalent to the datum of a generalized Tits system (G(Q p ), B, N ) and once the existence of (G(Q p ), B, N ) is established, the axiomatic of Tits systems gives a combinatorial description of the compact subgroups of G(Q p ) containing B in terms of the extended affine Weyl group N/N ∩ B.
We assume the reader is familiar with the formalism of Tits systems and buildings ( [Bou68, Chap IV], [BruT72, §1, §2], [Br89] , [G13] ). We review below the construction of the euclidean BruhatTits building attached to G(Q p ) and summarize (8.3.1.6) the consequences of this construction we will need. We follow closely the survey [R09] , which provides a synthetic introduction to the classical [T79] , [BruT72] , [BruT84a] , [BruT84b] .
Given a group H acting on a set X and an element x ∈ X, we write H x for the stabilizer of x in H.
Let X * (S) and X * (S) denote the groups of characters and cocharacters of S respectively. These are free Z-modules of rank r = dim(S), dual to each other via the evaluation pairing X * (S) × X * (S) → Z. Set V (S) := X * (S) ⊗ Z R and N := Nor G (S)(Q p ), Z := Cen G (S)(Q p ). The action of N on S by conjugation yields
8.3.1.1. The vectorial part W v of the extended affine Weyl group. The torus S acts on the Lie algebra g of G, which decomposes accordingly as g = α∈X * (S) g α , where g α ⊂ g denotes the eigenspace corresponding to the character α ∈ X * (S). Let Φ denote the set of all 0 = α ∈ X * (S) such that g α = 0. Then Φ ⊂ V (S) * is a (not necessarily reduced) root system in the usual sense. Let W v denote the Weyl group of Φ; we endow V (S) with a W v -invariant scalar product. For every α ∈ Φ, let r α ∈ W v denote the orthogonal reflexion fixing ker(α). The morphism ν v : N → GL(V (S)) induces an isomorphism ν v : N/Z→W v . We can describe more precisely elements corresponding to the reflexions r α , α ∈ Φ. For every α ∈ Φ there exists a unique connected unipotent group U α → G normalized by Cen G (S) and such that the induced embedding of Lie algebras u α → g identifies u α with g α ⊕ g 2α . Also, for every
8.3.1.2. The extended affine Weyl group W . As the restriction map X * (Cen G (S)) → X * (S) has finite cockernel of order say m ≥ 1, for every z ∈ Z there exists a unique 
where the left and right vertical arrows are the morphisms defined above. The extension ν : N → GA(V (S)) is unique up to GA(V (S))-conjugacy. Write W := ν(N ).
8.3.1.3. The Weyl group W and the standard appartment A(S). For every α ∈ Φ and 1 = u ∈ U α (Q p ), ν(m(u)) ∈ W is an orthogonal reflexion with hyperplane H(u) of direction ker(α) and
is a discrete affine reflexion group. Let A(S) := (V (S), W ) denote the corresponding apartment (see [BruT72, §1.3] , [R09, Part I]) and F(S) the set of its facets. For a special point x ∈ A(S), we have W T W x with T ⊂ T and W x W x W v . Fix once for all a special point 0 ∈ A(S).
8.3.1.4. Parahoric and parabolic subgroups. For every α ∈ Φ, 1 = u ∈ U α (Q p ) there exists a unique φ α (u) ∈ R such that H(u) = α −1 (−φ α (u)). Set φ α (1) = +∞. This defines a map φ α :
is a subgroup for every λ ∈ R. For every x ∈ A(S), let P x ⊂ G(Q p ) denote the subgroup generated by Z 0 and the U α,−α(x) , α ∈ Φ. When F = C is a chamber, P 0 (C) is called an Iwahori subgroup. For every facet F ⊂ A(S) define the parahoric subgroup of type F to be the subgroup P 0 (F ) ⊂ G(Q p ) generated by Z 0 and the The building I a (G, Q p ). Let I a (G, Q p ) denote the quotient of G(Q p ) × A(S) by the equivalence relation (g, x) ∼ (g , x ) if and only if there exists n ∈ N such that x = ν(n)x and g −1 g n ∈ P x N x . The action of G(Q p ) by left multiplication on the first factor of G(Q p ) × A(S) induces an action on I a (G, Q p ). And one shows that I a (G, Q p ) is an euclidean building -the Bruhat-Tits building of G over Q p -with set of apartments gA(S), g ∈ G(Q p ) and set of facets gF(S), g ∈ G(Q p ). The pointwise stabilizer of a facet gF is gP (F )g −1 , the stabilizer of gA(S) is gN g −1 and the pointwise stabilizer of gA(S) is gZ 0 g −1 .
(See [T79, §3.4, 3.5]) Let F be a facet in I a (G, Q p ) and let G(Q p ) F ⊂ G(Q p ) denote the stabilizer of F in G(Q p ). Then there exists a unique smooth affine group scheme G F over Z p with generic fiber G and with the property that G F (O k ) = G(k) F for every finite unramified extension k/Q p (here we implicitly identify I a (G, Q p ) with its image in I a (G, k) Fp ) for the connected reductive part of the reduction modulo p of G F ; as G is residually quasi-split, G red F,Fp is quasi-split. The link of F in I a (G, Q p ) is the spherical building of G red F,Fp . In particular, when F is of codimension 1,
Let Ψ := Z/Z • denote the cokernel of the right (and middle) vertical arrows. As the extension
The order of Ψ is bounded from above by a constant which only depends on the Coxeter diagram ∆(W, R) of (W, R). Indeed, Ψ injects into Aut(∆(W, S)) and stabilizes the connected components of ∆(W, R). In our case, we can also show that Ψ is abelian. This follows for instance from the explicit description given in [T79, §2.5]. Namely, if S sc ⊂ G sc is a Q p -split maximal torus mapping into S, Z sc := Cen G sc (S sc )(Q p ) and Z := φ(Q p )(Z sc ) then Ψ Z/Z Z 0 . In particular, a rough upper bound for |Ψ| is |Ψ| ≤ ι(|µ G |).
3 This follows from the fact that the action of G(Qp) on I a (G, Qp) is strongly transitive (that is, transitive on the set of embeddings of a chamber into an apartment): If C and rC are two chambers in a given apartment A with wall F and if C is another chamber in I a (G, Qp) containing F then there exists an apartment A containing C, C and g ∈ G(Qp) such that gA = A , gC = C. So g ∈ B. Also, the chambers C = gC and grC have the same wall gF = F in A , which forces grC = C . This shows that the chambers containing F in I a (G, Qp) are C and the chambers brC, b ∈ B. 
shows that p sc (Q p ) : G sc (Q p ) → G(Q p ) has finite kernel and finite cokernel. So, from 8.1.3, we may assume G is simply connected and that K = B ⊂ G(Q p ) is an Iwahori subgroup. Then, from 8.3.1.6 (3), we have the Bruhat-Tits decomposition G(Q p ) = w∈W BwB As (W, R) is a Coxeter system, every element w ∈ W can be written as w = r 1 · · · r (w) with r 1 , . . . , r (w) ∈ R and (w) ∈ Z ≥0 minimal (called the length of w); the elements r 1 , . . . , r (w) are then unique up to permutation. Furthermore, we have But for C ∈ S 2 and λ ∈ C we have λ = wψ with 1 = w ∈ W and ψ ∈ Ψ. In particular, deg B (λ) = deg B (w) is a power of p. As deg K (ŵ) is an integer and µ∈ W K deg B (µ) ≡ |Ψ| [p] is non-zero (this is where we use the assumption p > ι(|µ G |)(≥ |Ψ|)), it is thus enough to prove that ifŵ / ∈ W K then S 2 = ∅. This follows from the maximality of K. Indeed, otherwise, we may assume thatŵ = ψ ∈ Ψ \ Ψ . Then the following holds ( * ) For every w ∈ W K there exists ψ(w, ψ) ∈ Ψ \ Ψ , w(w, ψ) ∈ W K such that ψw = w(w, ψ)ψ(w, ψ).
But, then,
W K ψ(w, ψ) W K = W K ψ W K thus ψ(w, ψ) satisfies again ( * ). This shows that the subgroup generated by W K and ψ in W is of the form W K Ψ for some subgroup Ψ Ψ ⊂ Ψ, which contradicts the maximality of K.
Proof of 7.2.2.
Recall that we may assume that Γ = G(Q) ∩ K for a compact open subgroup K as in 8.1.4. So we will take K = p K p with K p ⊂ G(Q p ) compact open (which we could even assume to be maximal) for every p and hyperspecial for p / ∈ P, where P denotes the finite set of primes where G ramifies. Also, recall that Γ − ⊂ G(A f ) denotes the closure of Γ for the adelic topology. Proof. We first prove that ϕ a is injective. Let Γaγ, Γaγ ∈ Γ\ΓaΓ such that Γ − aγ = Γ − aγ that is there exists γ − ∈ Γ − such that aγ = γ − aγ . But, then γ − = aγγ −1 a −1 ∈ Γ − ∩ G(Q) = Γ. Thus Γaγ = Γaγ . We now show that ϕ a is surjective. As ϕ a : Γ \ ΓaΓ → Γ − \ Γ − aΓ − is injective and both sets are finite, it is enough to prove that deg Γ − (a) ≤ deg Γ (a). For this, fix a set of representatives R of Γ \ ΓaΓ and observe that Γ − aΓ − = (ΓaΓ) − = (
Here, the first equality follows from the fact that Γ − is compact (to prove that (ΓaΓ) − ⊂ Γ − aΓ − ).
Lemma
The canonical map ϕ : Γ\G(Q)/Γ → K\G(A f )/K has finite fibers. More precisely, for every a ∈ G(Q), |ϕ −1 (ϕ(a))| ≤ deg K (a).
Proof. Let a ∈ G(Q) and let R ⊂ G(Q) be a set of representatives for ϕ −1 (KaK). Since Γ = G(Q) ∩ K, the map Γ\G(Q) → K\G(A f ) is injective hence restricts to an injective map 
